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ABSTRACT 
Let U be an n-dimensional vector space over a field of characteristic 0. For each 
positive integer k < min(m, n), let Jk be, the set of all decomposable elements 
XI 8 ... @ xm in the mth tensor product @U such that dim( xi,. . . , x,) Q k. We 
characterize those nonsingular linear mappings T on g U such that T(Jk) ~1~. 
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1. INTRODUCTION 
Let F be a field and M,(F) be th e vector space of all n X n matrices 
over F. In [3], Dieudonng showed that if T is a nonsingular linear mapping 
on M,(F) that sends the set of singular matrices into itself, then either 
T(A) = PAQ or T(A) = PA’Q f or some nonsingular matrices P and Q in 
M,(F). Dieudonnh’s result implies that if T is a nonsingular linear mapping 
on M,(F) that sends the set of all rank one matrices into itself, then T is of 
the above-mentioned form. 
Let U be a finite dimensional vector space over F. For each (T in the 
symmetric group S,, of degree m, let P,, denote the linear mapping on the 
mth tensor space 6 U such that 
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for all ~i,**-,X, in U. In [9], Westwick obtained the following theorem that 
generalizes the result concerning nonsingular rank one preserves on M,(F). 
THEOREM 1. Let T : G U + G U be a linear mapping sending nonzero 
decomposable elements to nonzero decomposable elements. Zf (i) T is nonsin- 
gular or (ii> F is algebraically closed, then 
for some o in S, and some nonsingular linear mappings fi on U, i = 1, . . . , m. 
Case (ii) of Theorem 1 was proved for m = 2 and char F = 0 by Marcus 
and Moyls [6]. 
Let P be the subset of all decomposable tensors in’ g U of the form 
x Q *** @ x. In [B], Shaw proved the following result: 
THEOREM 2. Let T be a nonsingular linear mapping on (P) such that 
T(P) c P. Zf char F = 0, then 
for some nonsingular linear mapping f on U. 
Let dim U = n. For each positive integer k < min(n, m), let 
D, = {x1 @ *** C3 x,,, : dim( xi,. . . , r,) = k] - {O}, 
Jk = {x1 @ ... 8 x,,j : dim( x,, . . . , xm) =G k}. 
Notice that Jk is the set of all decomposable elements in g U if k = 
min(n, m). It is easily shown that (JS) 5 (Js+,) for s < min{n, m}. Not$e 
that (II) = (P) and ( P) is the subspace of all symmetric tensors in @ U 
when char F = 0. It can be shown th,at lk is the intersection of (Jk) and the 
set of all decomposable tensors in @U. Hence Jk is an algebraic variety of 
5 u. 
The purpose of this note is to prove the following result: 
THEOREM 3. Let F be a field of h c aracteristic 0. Let k be a fixed positive 
integer such that k < min{ n, m}. Let T be a linear mapping on (lk ). Suppose 
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one of the following conditions holds: 
(a) T is non-singular and T(jk > c Jk ; 
(b) T is nonsingular and T( Dk) G D,; 
(c) T(Jk - (0)) G lk - {O} and F is algebraically closed. 
Then there exist A in F - {0}, (+ in S,, and some nonsingular linear 
mapping f on U such that 
A subspace of g U is called a +composable subspace if it consists 
entirely of decomposable elements in 2 U. It follows from Lemma 3.1 in [9] 
that every decomposable subspace of Q U is of the form 
for some i, some vectors ui,. . . , u~_~, u~+~, . . . , u, in U, and some subspace 
WofU.Let y,~...~y,~J~,wherey,,y~,...,y~arelinearlyindepen- 
dent and k < min(n, m}. Then it is easily seen that every n-dimensional 
decomposable subspace contained in lk and containing yi Q *a* 8 y,,, is of 
the following form: 
for some i such that 1 < i < k. This fact will be used in the proof of Theorem 
3. 
2. PROOF OF THEOREM 3 
Proof of part (a). Case 1: k = 1. Let V = U CX+ k, where k is the 
algebraic closure of F. We i$ntify U as an F-subspace zf V via the F-linear 
mapping u + u 8 1, and @ U as an F-subspace of 8 V via the F-linear 
mapping sending ui Q *** 8 u, to (u, @ 1) ~3 ... 8 (urn @ 1). Now regard 
V and GV as vector spaces over k. Let T, be any linear mappins on g U 
such that T = Tllclr). Let S be the extension mapping of T, to @V. Since 
T(],) c JI, it follows that 
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where y1 denotes the Zariski closure of J, in $V. Note that 
J, ={yC3’“‘C3’:yEv}. 
In view of Theorem 2, 
S( y @ ... @ Y) = g( !I> @ ... @ g( !I>> y (5 v, 
for some nonsingular linear mapping g on V. Let e,, . . . , e, be a basis of U. 
Then 
for some Ai E F, xi E U. Hence 
g(ei) = uixi for some ai E k 
with a: = Ai, i = 1,. . . , m. Let e = Cl= ,e,. Then 
T(e @ *.. @ e) = g(e) 63 *** 63 g(e) 
= (slaixi) @ “. @ ( jYlaixi) 
= Au 8 *** c4 IA 
for some A E F, u E U. Let 11 = Cy= ,cixi, ci E F. Then 
ai,ai, **a a, ,,, = hCi,Ci, ... ci,,, forany l<ij<n. 
Define a linear mapping f on U ;IS follows: 
f( ei) = cicF1xi, i = l,...,n. 
Then for any 0 = Cy=, biei E U where bi E F, 
(A, 5 f)(o 8 ... 8 u) = A,Cbil ..- bi,,2ci,c,’ ... c_T~_c;~x~, 8 ... 8 xi, 
= Cbil ... bi,,,ni, *.* “,,,,Xi, ... 8 Q xi 
m (...A, = a;l = AC;“) 
= T(u 8 ... 8 0). 
This proves case 1. 
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Case 2: k > 2. We shall show that T(J,_ 1> c lk ,. Suppose that there 
exists A = x, ~3 ... Q N,,, E Jk_, - (0) such that 
T( A) = y, @ ... @ y,,, E D,. 
Without loss of generality, we may assume that yi, . . . , yk are linear inde- 
pendent. Let 
zi=x, @...c+Xi_, @U@x. 1+1 c3-*-Qx !,1 ) i = l,...,m. 
Then Xi c Jk, and hence T(Zi) is an n-dimensional decomposable subspace 
contained in Jk and T(A) E T(Zi). Since k < dim U, it follows that 
for some 1 < si < k. This is a contradiction, since 
T(Zi) + T(Zj) for distinct i and j. 
Hence T(j,_,) cJk_,. By’ d t m UC ion, we obtain that T(J,) ~1~. Thus 
for some a E F - (0) and some nonsingular linear mapping f on U. 
Let W,,,be any k-dimensional subspace of U. Let L be the resnrriction m,ap 
of T to @W. Then L is an injective linear mapping from 8 W to CZJ U 
sending decomposable elements to decomposable elements. In view of Theo- 
rem I in [9], either 
for some (T in S,,, and some nonsingular linear mappings fi : W -+ U, or 
m 
for some (T, 7 E S,, some linear mappings g, : i W 7 U, i = 1,. . . , s, and 
some decomposable element y = y1 8 ... 8 yt in @U, where M, is the 
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linear mapping from “6 t U to g U such that 
Case (ii) is clearly not possible, since L sends J1 to J1. Hence 6) holds and 
we have 
=af(x) Q ... @f(x) # 0 forany xEW-{O). 
Hence (h(x)> = <f(x)> for any x E W. Therefore fi = d,flw for some 
d, E F. This proves that d,d, *a* d, = a and hence 
for any x1 Q **. @ x, E g W. Since W is any arbitrary k-dimensional sub- 
space, (1) is true for all x1 8 *.* CQ x, E Jk. This completes the proof. ??
Proofofpart Cb). Let H, = {(u,, . . . , u,) : ui E U, dim( ul,. . . , vm> Q k) 
and G, = {(ol,. . . , II,): ui E U, dim(u,, . . . , u,,,) = k}. Then it is known 
that CYk = H,, zhere @ denotes the Zariski closure of M. Let 8 be the 
mapping from X U to 8 U such that 
O(u I>“‘> urn) = u1 c3 ... Q 0,. 
Since fI(G,) = D, and 0 is a morphism, it follows that 
This proves that 8( Hk) = Jk c &. Since Jk is a variety containing _Dk, it 
follows that 5, = Jk. From the hypothesis T( D,) G D,, we have T( Dk) c 
Bk. Hence the result follows from part (a). ??
Proof of part Cc). Since H, is an irreducible variety and 0( H,) = Jk , it 
follows that Jk is a homogeneous irreducible variety. Since T(Jk - {O)) c lk 
- {0), it follows from Lemma 3 in [l] that TIcII.) is a nonsingular linear 
mapping on ( Jk ). Hence the result follows from part (a). ??
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